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Statistical process control in the evaluation of 

geostatistical simulations 
 

*ÜÎÏÓ 'ÅÉÇÅÒ 

University of Szeged, Institute of Geography and Geology, Department of Geology and Paleontology, 

matska@geo.u-szeged.hu 

 

This paper deals with a question: how many stochastic realizations of sequential Gaussian and 

indicator simulations should be generated to get fairly stable description of the studied spatial 

process. The grids of E-type estimations and conditional variances were calculated from pooled 

sets of 100 realizations (the cardinality of the subsets increases by one in the consecutive 

steps). At each pooling step, a grid average was derived from the corresponding E-type grid, 

and the variance (calculated for all the simulated values of the pooling set) was decomposed 

into a within and a between group variances. The former one used as a measurement of 

numerical-uncertainty at grid points, while the between group variance was regarded as a tool 

to characterize the geological heterogeneity between grid nodes. By plotting these three values 

(grid average, within and between group variances) against the number of pooling steps, three 

time-series could be defined. 

The ergodic fluctuatiÏÎÓ ÏÆ ÔÈÅ ÓÔÏÃÈÁÓÔÉÃ ÒÅÁÌÉÚÁÔÉÏÎÓ ÍÁÙ ÒÅÓÕÌÔ ÉÎ ÓÏÍÅ ȰÏÕÔÌÉÅÒÓȱ ÉÎ ÔÈÅÓÅ 

ÓÅÒÉÅÓȢ &ÒÏÍ Á ÐÁÒÔÉÃÕÌÁÒ ÌÁÇȟ ÂÅÙÏÎÄ ×ÈÉÃÈ ÔÈÅÒÅ ÉÓ ÎÏÔ ÁÎÙ ȰÏÕÔÌÉÅÒȱȟ ÔÈÅ ÓÅÒÉÅÓ ÃÁÎ ÂÅ ÒÅÇÁÒÄÅÄ 

as being fully controlled by a background statistical process. The number of pooled realizations 

belonging to this step/lag can be regarded as the sufficient number of realization to be 

generated. In this paper ARIMA processes were used to describe the statistical process control, 

since these models strongly rely on the autocorrelation (serial correlation). The paper also 

study how the sufficient number of realizations depends on grid resolutions.  

The method is illustrated on a CT slice of a sandstone core sample.  

Key words:  statistical process control, arima chart, sequential gaussian simulation, sequential 

indicator simulation 

1.  INTRODUCTION  

From in the early 90ós considerable amount of efforts has been taken to several 

issues of uncertainty. Nevertheless, the issue of the number of realizations 

mailto:matska@geo.u-szeged.hu
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required to explore the space of uncertainty and the convergence of the 

sequence of growing numbers of realizations have received much less attention.  

Goovaerts (1999) proposed an idea of creating subsets of increasing cardinality 

through the random sampling of an initial set of 100 respo nse values. For each 

subset, descriptive statistics were used to study the impact of the number of 

realizations. He found that the extent of the space of uncertainty increased with 

the number of realizations, but at different rates depending on the respons e 

variable and simulation algorithm.  

Geiger et al. (2010) generated 100 subsets with increasing sizes from 100 

realizations. For each set, they calculated grid averages of the E - type 

estimations along with the between and within groups variances. They stud ied 

the limits of the sequences of these statistical properties within the frame of the 

stochastic convergence.  

Pyrcz & Deutsch (2014) used two parameters in their analysis: (1) the deviation 

from the reported quantile and (2) the fraction of times, the tr ue value falls 

within Ñ of the reported statistic. With these parameters they could calculate 

the uncertainty of their results due to a small number of realizations.  

The common problems of these approaches are that the limited number of 

available realizati ons and the ergodic fluctuations make difficult any 

generalization.  

Recently Sancho et al. (2016) has demonstrated a new approach, the statistical 

process control (SPC), in geostatistical analysis by which the "assignable" 

("special") sources of variation can be differentiated from "common" sources in 

a time series. Following the view of Sancho et al (2016), this paper is addressed 

to the application of ARIMA -based statistical process control in the definition of 

the critical number of stochastic realizatio ns.  

2.  METHODS  

When performing any stochastic simulation, several equally probable realizations 

(stochastic images) are generated which reflect the specific targeted 

multivariate distribution. As in a former work (Geiger et al., 2010), 100 sets 

were created from 100 real izations with increasing cardinality. The first set 
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contained the first, the second comprised the first two, while the 100 th  contained 

all the 100 realizations. At each pooling step, the grid average was calculated 

from the corresponding E - type grid. The a verage conditional variance (calculated 

for all the simulated values of the pooling set) was decomposed into a within 

and a between group variances. The within group variance served as a 

measurement of numerical -uncertainty at grid points, while the betwee n group 

variance was regarded as a tool to characterize the geological heterogeneity 

between grid nodes (Geiger at al., 2010). Plotting these three values (grid 

average, within and between group variances) against the number of pooling 

steps, three finite point -sequences could be defined, which could be processed 

as time series ( Figure 1 ). In the followings, these time series are analyzed by 

using ARIMA - type statistical process control.  

2.1 Statistical Process Control (SPC)  

Statistical process control (SPC)  is a method of quality control of time series 

using statistical methods. SPC is applied to monitor and control a process. It can 

be applied to any process where the "conforming product" (product meeting 

specifications) output can be measured. The objectiv e is to analy se data and 

detect anomalous values of the variable analy sed.  

 

Figure 1:  Time series representations of grid averages of pooled realizations  

 

According to a certain tolerance margin and an objective value, control limits are 

defined. If the measurements are within the upper and lower control limits, there 

is not a non - random pattern in the distribution, and the process is under 
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statistical contr ol. However, if there are points (measurements) outside the 

limits, there are external causes influencing the process.  

2.2 ARIMA model and ARIMA chart  

In this paper ARIMA chart was used in SPC. ARIMA model is a generalization of 

an autoregressive moving av erage (ARMA) model. In the most general form, 

ARIMA(ὴȟὨȟή) models consist of three characteristic terms: (1) a set of 

autoregressive terms ( ὴ), (2) a set of moving average terms or non -seasonal 

differences ( Ὠ) and a set of lagged forecast errors in th e prediction equation ( ή). 

The model takes the following form:  

ὣ ‘   Ͻὣ Ễ   Ͻὣ Ὡ ῸϽὩ Ễ ῸϽὩ           (1)  

where ‘ is a constant, ɮ  is the autoregressive coefficient at lag Ὧ, ɡ  is the 

moving average coefficient at lag Ὧ, and Ὡ  is the forecast error that was made 

at period ὸ Ὧ. 

The ARIMA Chart is a control chart for a single numeric variable where the data 

have been collected either individually or in subgroups. This model describes the 

serial correlation between observations close together in time. Out -of -control 

signals are based on the deviations of the process from this dynamic time series 

model ( Figure 2 ). In this chart, the data are drawn around a centerline located 

at ‘ with control limits at  

‘ ὯϽ„                                                    (2)  

where Ὧ is the multiple (in this paper Ὧ ρ). The mean and standard deviation 

depend on the specification of the ARIMA model.  

 

Figure 2:  ARIMA(3,0,0) chart. The sufficient number of realization is  65. Legend: 

UCL=upper control limit, LCL=lower control limit  
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In Figure 2,  the black dots indicate those members of the series, where severe 

deviations can be detected from the used ARIMA(3,0,0) model. When the 

process does not trigger any deviation from the ódetection rulesô of the control 

chart, it is said to be óstableô. In this paper the lag, from which this óstabilityô is 

evident, is regarded as the sufficient number of realization to be generated.  

The significance of the selected ARIMA model was checked by partly statistical 

tests, and partly the residual autocorrelations o f the ARIMA model.  

3.  THE WORK - FLOW  

The suggested work - flow ( Figure 3 ) is demonstrated by using a CT -slice 

oriented perpendicular to the vertical core axis of a sandstone core sample.  

 

Figure 3:  The work - flow  

 

The image and the corresponding data set consis ted of 16000 Hounsfield Unit 

values measured on a 125 x 128 regular grid. From this (exhausting) data set 

100 data locations and the corresponding measurements were randomly chosen 

as the input data. With this sample data set a sequential Gaussian and a 

sequential indicator simulations were generated with 100 realizations in both 

approaches.  
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The reason of this choice was that Gaussian simulations are quite weeks to honor 

any lace - like geometry, while they are good in honoring small -scale 

heterogeneity. In c ontrast, indicator simulations are strong in honoring and 

revealing lace - like geometry, but they are quite week in describing small -scale 

heterogeneity. These simulations were calculated on five grid resolutions 

obtained by the methods suggested by Hengl ( 2006). The resolutions were the 

followings: (1) 0.5x0.5; (2) 1x1; (3) 1.5x1.5; (4) 2.0x.20; (5) 2.5x2.5.  

The next step was the generation of pooled sets of realizations for the five grid 

resolutions ( Figure 3 ). For each sets and grid resolutions, the grid averages of 

E- type estimations and the within group and between group variances were 

calculated. In this way, five time -series could be defined for each grid resolutions 

and simulation algorithms (an example is shown in Figure 1 ).  

 

Figure 4:  ARIMA Charts for the series of grid averages with different grid resolutions 
and simulation algorithms (For both simulations the grid resolutions from the top left 

to the right are (0.5x0.5), (1x1), (1.5x1.5), (2x2) and (2.5x2.5)  
 

In the ARIMA modeling ap proaches, Box -Cox transformations ensured the 

requirement of normality. Figure 4  gives an example of these models for the 

grid averages.  

The final step was the identifications of those lags from which the series became 

to be fully controlled by the corresp onding ARIMA models.  

 

4.  RESULTS  

In Figure 4a , the number of realizations (lag) can be seen by simulation types 

and grid resolutions for all the three statistical properties. The highlighted two 
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columns contain the minimum of the row -vise numbers by simulati on types. 

These results show that (1) SGS with (2.5x2.5) of grid resolution needs the 

smallest number of realizations. It is 22. The largest number of realizations, 89, 

belongs to the SGS with (0.5x0.5) of grid resolution. The part B of  Figure 4  

shows the rank -number of realizations calculated row -vise for SIS and SGS. E.g. 

for the 0.5x0.5 grid resolution and sequential indicator simulation, the 

computation variance (WGV) needs the smallest number of realizations (rank 1 

in part B  which is 29 according to p art A of  Figure 4 ), then comes the 

geological variability (BGV, with rank 2 in part B , which is 35 in part A of Figure 

4 ) and finally the grid average needs the largest number of realizations (E - type, 

with rank 3 in part B , which is 42 in part A of Figure 4 ) to serve stable 

description about the process.  

 

Figure 4:  Summarization of the most important results  

 

Ideally, the stabilization sequence should take the following order: firstly, the 

computation variability should be stabilized which should alleviate the geological 

variability (BGV) and this information should stabilize the grid average (óIDEAL 

ORDERô, pa rt C of  Figure 4 ). This expectation comes true (1) for both the 

indicator and Gaussian simulations of (0.5x0.5) and (2.5x2.5) grid resolutions; 

(2) for (1.5x1.5) resolution with SGS; (3) for (2.0x2.0) resolution with SIS. That 

is why they can be suggested to use equally well in the description of lateral 
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variability of the CT slice. All the other studied portfolios are far from this ideal 

order ( part C of Figure 4 ).  

5.  DISCUSSION  

SPC can be used to any simulation properties. The method suggested does not 

need any extrapolation, it works well with the available number of realizations. 

To apply this approach, there is no need to know the analytical form of the 

normal distribution in the limit. The critical number of realizations (from which 

the SPC is complete) t akes strongly the ergodic fluctuations into consideration.  

However, the method suggested needs enough number of realization to get 

stable information abou t the shape of the ātime series generated by the pooled 

realizations. The critical number of realizati ons strongly depends on the 

specification of the ARIMA model. It is also worth note that the critical number 

of realization does not give any information about the change of the spatial 

structure (e.g. connectivity) with the increasing number of realizatio ns.  
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Part I - Climate modelling past and future




































































































































































































































































































































































































































































































































